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<+ Introduction and basics in Superconductivity
< Effective theory
<+ Color Superconductivity: CFL and 25C phases

<+ Effective theories and perturbative
calculations

“* LOFF phase



 NTPrOCIICTION

» Important to explore the entire QCD
phase diagram: Understanding of

Hadrons —  QCD-vacuum

l

Understanding of its modifications

» Extreme Conditions in the Universe:
Neutron Stars, Big Bang

» QCD simplifies in extreme conditions:

Study QCD when quarks and gluons are the
relevant degrees of freedom



Studying the QCD vacuum under different and
extreme conditions may help our understanding
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Limiting case p — «

q‘::‘q/
R

Asymptotic freedom:

When ng > 1 fm3

free quarks expected




Free Fermi gas and BCS
(high-density QCD)

For T—>0 (B=1/kT — )

f(E) f(E) = 1

e = G




pe | High density means high pe

® Typical scattering at
momenta of order of pr

For p:>> Ay

“* No chiral breaking

< No confinement ey
theory ?

* No generation of masses



Grand potential unchanged: (| —FE —N)

® Adding a particle to the Fermi surface
® Taking out a particle (creating a hole)

F—> (E+E.)—p(N+1) =F




For an arbitrary attractive interaction it is
convenient to form pairs particle-particle or
hole-hole (Cooper pairs)

E+(+2E,-E,)-w(N+2)=F-E,

In matter SC only under particular conditions (phonon
interaction should overcome the Coulomb force)

T (electr) 1+10°K
E(electr.) 10%+10° K

In QCD attractive interaction T (quarks) 50MeV 1
(an‘l‘i‘l‘r‘ip|e‘l‘ Channel) E(quarks) 100 MeV

~102% 10"




B ECHVERHEORY,

» Field theory at the Fermi surface
» The free fermion gas

» One-loop corrections
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Flzlel razge e iz F2eil] iefes
(Polchinski, TASI 1992, hep-th/9210046)

Renormalization group analysis a la Wilson

How do fields behave scaling down the energies
toward ¢ by a factor s<1?

7. p=k+/

2

/

p

—
Scaling: 0=
k=

e

|




Using the invariance under phase transformations,
construction of the most general action for the
effective degrees of freedom: particles and holes
close to the Fermi surface (non-relativistic
description)

| dtd*p| iw! (B)ow, ()~ (e(B) & ) wl (B) v, (B)|
Expanding around &¢:

oe(p .
;(f)p) -€+O(€2)EVF€+---

e(p)—¢&p =

=0

13



S = | dtd’kd?| iy} (B)2,v, (B) — vew! (B) v, (P)]

Scaling: mp C _ SZd"’HS

t—st requiring the
N ctionS to b
dt — s ldt : i;\(z/ar'iarc\)f :
dk — dk
. - —1/2
d/—sd/ Yy —>S Y
0, = S0, g




The result of the analysis is that all possible
interaction terms are irrelevant (go to zero going
toward the Fermi surface) except a marginal
(independent on s) quartic interaction of the
form:

V[ dtd'B A Bow ()W, BV () (5))

corresponding to a Cooper-like interaction
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Quartic

/

g-1+4

fdtd’k,d7,d*k,d7,d’k,d7,d*k d 7, >

V(El 9 l22 o lz3 9 l24 @\Vc (1_53 )\lj:sr' (132 )\|]G, (1_54

\88??

Scales as s!™

N

S-4X1/2
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Scattering: P, +P, =P+ P,

P, =P, +0k, +87,
P, =P, + 0k, +87,

5(5k, + 0k, + 87, +57,)
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irrelevant

SO
5(5k,, + 0k, + 87, +57,)

5| quumm 5% (5k, + 8k, )8(57, +87,)

mar'ginal

+ P
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Higher order interactions
irrelevant

Free theory BUT check quantum corrections
to the marginal interactions among the
Cooper pairs

19




12 ez fooilgf) ol

Eq. of motion: (10, — v )w_(p,t) =0
Propagator: (10, —{v.)G_ .(p,t) =9, ,.0(t)

Using: 0(t) = —— [ do——
2T W+ 1€



0(f) 0(=1)

G(p,t) = lim — | dwe™ n
(P-0 0 27TJ‘ o—{vptie o—lv,—lE
N 1 —ip,t =
or: G(,1) = =— [ dp, e ™'G(p. D) my
2T
1
G(p) = v

(1+1e)p, — lv; /<0

Fermi field decomposition

V()= 2b, (3.0 = b (e

(t X), p' =(€VF,p)

/>0
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with:

bG (1_5)
bs(p)

O>:O for |p|>p:
0)=0 for [p|<p;
(v, X, D), W (X, D], =8,,8 (X-X")

The following representation holds:

G, (x)=-i8,

—

p

In fact, using
bl ()b, (9)|0) = 0(p, —p) = O(—¢)

(0
(0

b, (H)bL(P)|0) =1-06(p; —p) =6(p - p;) = (/)

OR

—i0(£)e v, 10
i0(—/)e v, t<0

[bcy (1_5)9 chr; (f))]+ — 613,13'66,6'

(O[T (b, (B, )b} (5,0)[0)e™ =3, . > G(B, 1)
p
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The following property is useful:
lim G, (0,-8) = —i 11m< Ty, (0,-3)y! (0)]0) =

5—0"

_1 O‘WGWG O _lpF

0)
Jl <0 *7>0

pp =—21lim ZG _(0,-8) =—-2ilim ﬁe‘p"s : :
50" -0 Y (2n)t (1+ig)p, — Iv,

3

_ _ P
2j = ZJ—emF P)=25

23



C)flz=|ggg copgdzerions

p, E q, E p, E

k, E+E' :
1
(1+18)p, — v,
k, E-E'

P, E 'CL E _p!' E R -q, E /
E'd’kd/ ]

iG(E) =iG-G2jd . . .
2n)" ((E+EY(1+1e)-v ) ((E-E)(1+1g)-v. /)
| >0 | < ()

E [E'  Closing in the

ﬁ - upper plane
= o we get
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G(E)=G - %Gzplog@/E) +0O(G”)

P = Zj 0, UV cutoff
F(k) on v ./

From RG equations: meeeeeemlh--

dG(E) | 2
~ ' OG(E
£ pPi®) .




G>0 E—0

Attractive, stronger
for E—0

, BCS
il instability
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Flgleriggel) cigegddeie

S[w.v' =] d“x{w*(icx —&(|V )+ )y + %(w*w)z}

] . . T T _ TapgT _
Fler'zmg (C = 1(52) VYV YWy =~V VWV, =

I furte I

=~ EataV W VoY ——Ew*Cw*wTCw

S[w.w']=[d' [w*(iat —g(|V )+ )y - %(\VTC\V*)(\I’TC\V)}

Quantum theory 7 = j D(ijf)eis[w,wﬂ
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t.= | D(A,A") Glasuren s Garer)
const. = I . c
AP 1

% 1 %
iS, [w,y! J+i | d*| —E—=A(yTCy ) +=A" (yTC
o[ww]f{G 2(\v w)2 (y Cy)

Z
Z,

_ zl [ Dy.wHD(A,A")e
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Since y* appears already in y we are double-
counting. Solution: integrate over the
fermions with the “replica trick":
4, AP

] D(A,A")[det(s )] 1"

ZO

1Sest

€

Seff(Aa A*) = —%Tr[log(sosl)]_ Jd4X | |2

Evaluating the saddle point:

_ GJ‘ d’p A
(2m)’ \/<§§+|A|2
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A=1G
1 j<2n> P2 - —|A|



At T not O, introducing the Matsubara frequencies
O, = (2n + )T

A=GT Z .
- (21t) W’ +<§ +|Af
and using (f(E) is the Fermi particle density)

~+00 1 1
1-21f(E
n;omfl+§§+m\ 2E T(\ Y( p))
G, dp A /
A== tanh(E /2T)
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27 2n) Jei+|Af



By saddle point:

/ | . iSo[\v,\vT]+ifd4x{—%|2—%A(wTCw*)+%A*(WTCW)
= D(w,w"D(A,AMe
7 =7 /Py D(A.A)
G
A=—{y"Cy)

Introducing the em interaction in Sywe see
that Z is gauge invariant under

Y —> ye ™, A Aet
Therefore also S ¢ must be gauge invariant

and it will depend on the space-time
derivatives of A through 51



DM — 8H + 2ieAM

In fact, evaluating the diagrams (Gor'kov 1959):

2
A A {ﬂﬂ) §ﬂ.£a
=

AN A
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got the result (with a convenient
renormalization of the fields):

H= | d?’f(—%w*(f) (V+i26A) P () + 0 [ w(E) F +~B | w(F) |“j
m 2

charge of the pair

This result gave full justification to the
Landau treatment of superconductivity
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By definition at T, the gap vanishes. One
can perform a GL expansion of the grand
potential

O=Llgn +1BA4
2 4

with extrema: oA +BA° =

a and B from the & A\
expansion of the A=GT Zj

gap equation up to e 2m) o+ G+ [AT
normalization
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To get the normalization remember (in the
weak coupling and relatively to the normal
state):

1

<HO> =Q=——pA’
4
1 20
Starting from the gap equation: A _EpGA logX =0
Integrating over A and using ~Gp
the gap equation one finds: 3 - A

Rule to get the effective potential from the gap
equation: Integrate the gap equation over A and multiply

by 2/G »



Expanding the gap equation in A: (®, = (2n+1)%T)

w D A A
A—-2GpTRe d — Feer|=0
! Z;! ﬁ_(®i+§2) (0, +&)
One gefts:
w 8 .
g2 [1—2GpTReZ j 2d§ : ) = Integratlns?J over &
G ¢ (o +&7) and summing over
nup to N
dg
4pTR
e enzt;!@Jfﬁ) ®N=8:>Nzi

21T
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o(T) = plog 1| y=eS, C=0.577..
YA,

Requiring o(T.)=0  T.=-A, ~0.56693A,
TU

Also B(T) = &ZZPT _((3)

and, from the gap equation (a(T ) z—p(l—ED




