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® Gradient expansion: parameters of the NGB's
® Masses of the NGB's

® The role of the chemical potential for scalar
fields: BE condensation

® Dispersion relations for the gluons



Hierarchiesioae feGHVe

|Agrangians
LQED I :
0+ s ntegrating out
A F heavy degrees of
| A<<§<<p freedom we have two
| " scales. The gap A and
'S a cutoff, & above
L voer : which we inTegr'aTe
T R+ A out. Therefore:
A E two different
Y

L s ; 0 effective theories,

i Lyper and Lgggs 2



Gracieniaexpansion:

NGB SIparameTers

Recall from HDET that in the CFL phase

Y, iV-D —A,n |
LD:J‘d_VXAT ~AB - AB XB+(L(—>R)
A i —A g IV-DAB_
d in the basi yat 15:(% )iy
and In e Dasis T i
NF =i
(A=1-8 A A:A
e = Bu0m|  ArTiA-g aj =24
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v ,.|iV-d -A
L, =|—x" Ay +(LeR
o= 4 A, iwveo|t TEOR)
5 V-l A,
p g — Onp A
ropagator BTN —AL| A, VL

U _ eiG/fG V _ eh:/fT

Coupling to the U(1) NGB:
c=f_o, =16

Yy, — ei(OHB)WL’ Yr — ei(a_B)\VR
U—e U, V > e PV



Consider now the case of the U(1); NGB. The
invariant Lagrangian is:

L :jd_vXAT_ V-0 _L{TzAA_ A
S dAn” | -UPA, iV

At the lowest order in o

i 2ic 26° |

— O T 2

| :jd_VXATA fG fG A
7 4 : - 2ic .\ 267

f_ ff

5

generates 3-linear and 4-linear couplings



Generating functional: Z[c]= J‘ DyDy e Ao

i 2
A(c) =S, + 2164, T,+ 20 An AT ) )
_ f_ B fc B S_l V ‘ g _AA
0 — ~
I 0 +1’ r - 0 1 A, Vel
-1 0 I ]
Tr[logA(G)]

@ Zlo]= (det[A(c)]N* =

p—

—

N

S.alo] =~ Trllog A(o)




. 2
_iTrlog A(c)] = —iTr |og(51£1+52'f"A Fo+82f—2AF1n _

(&) 0)

o ( 1)2n-1 - 2 d
——iTrlogs*]-i3 1r)] (iSZIfGA ir, +is 222 iFlj
n=1

&) (&)

At the lowest order: — —
/

. - % f » dyT{iS(y, X)2ic(X)A I iS(X, Y)2ic(y)A irO}

0) (0}

. % I de{iS(x,x)Zoz(x)A -
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‘ Feynman rules

® For each fermionic internal line )
. . i V-0 A
ISAB — '8ABS(p) = I8AB 8

V-V L=AG| Ay Vo1

® For each vertex a term iL,

® For each internal momentum not constrained by
momentum conservation:

2 2 +0 00
Ay [ =4“—R3 js dr, joo d,

(2m)’

® Factor 2x(-1) from Fermi statistics and spin.
A factor 1/2 from replica trick.

® A statistical factor when needed. .



O O

Ly =iL,(P) +iLy (p) == | dVZ“ZAZ

47IA7I

dez{v-(h—p)GV-€G+V-(€+p)GV-fc—ZAiGZ_ 26° }
DA(£+p)DA(4) D, ()

D, (0)=V-¢V-{—A; +ig

Goldstone theorem: L (0)+ L, (0)=0

Expanding in p/A: —



o’ 1

L (%)= 275 [ 4n(v 0)o(X)(V - 8)o(x)
1 0 0 |
0 —% 0
dv aV\ugy _
Am 0 0 - 0
0 0 1
i 3_
1 9 2 2 — 2
o (X) = 2 n;lz [(806) —V (VG) }

|CFL |
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For the V NGB same result in CFL, whereas in 25C

2
szl, f2:4L2 ZSC
3 o

With an analogous calculation:

_WRL=BI0G2) Lo e e e

L
o 6riF2 245

| ! 367
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Dispersion relation for the NGB's

Different way of computing:

a - ab ~ ~ 1_>
(0133 |T1°) = iF8”p,, pu=(po,§pj

Current 2
conservation:
1P [ ) 2
L ~ 2 1 — 12
E°—— =0
2 P
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W52 of 12 ) G s

QCD mass term: Y, My, +h.C.

M > M
T — (YTX)T _ phioy T
L asses = —C(det{MITI[M ™S + h.c.) - c'(det(Z) Tr[(ME")’]) -
—¢"(Tr[ME'ITI[M'E])
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Calculation of the coefficients from QCD ‘

Mass insertion in QCD

L L R L R
Y
=M » M®  Effective 4-fermi
* *
L L R e
L R

s

e \R . 3A2

MM =—,C'=0,c"=
\_J_/ N4 2Tt

0

Contribution to the vacuum energy
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Consider:

. _ _ 1 a0 ~wa
Loco = V(B +py )y —y, My, —y My —ZGWG“

Solving for \y | as in HDET

1, .
VoL = E(_WO/D/LWJF,L +7,My, ¢ )

like chemical potential

|
. | 1
Lo =y iV, (D“ +— MMTQ“OJM,L ——vy' (D)), +
210 210

+(L—> R,I\/I—)MT)+---
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Consider fermions at finite density:

L = yiy, (0" - iﬁtgvo)\v

as a gauge field A°

Invariant under: v — ey, 1 — p+a(t)
1 1

Define: X =—mMM', X,=—M'M
21 2L

Invariance under:
v, > LOw, o vogr 2 ROy, g,
X, = L)X L' (t) +iL(t)o,L (1),
X, = R(t)X,R(1) +iR(t)o,R(t) o



The same symmetry should hold at the level
of the effective theory for the CFL phase
(NGB's), implying that

i T + T
aoz—wozzaomiz(MM j _i[M Mj ;
210 210

The generic term in the derivative expansion
of the NGB effective lagrangian has the form

. t n /- — 2\ P
LNGBzFZAZ(aO_I_IMAM /ZHJ (Zj (I\élzj ZQZTr
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. ¥ n = 2\ P
uer (B2 (] [ o

Compare the two contribution to quark
masses:

m* 1 m*

kinetic term FA* 5SS ~—
WATF

2 2. 2

mass insertion F2A° m2 12 ~ A T
F2F2° F

Same order of magnitude for M ~ A since

qu 18



Nheroleof e chemical

gzl for sedlde fi2lels:
Bose=Einsiein condensation

® A conserved current may be coupled to the a
gauge field.

® Chemical potential is coupled to a conserved
charge.

® The chemical potential must enter as the
fourth component of a gauge field.
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Complex scalar field:
L=(0,+in)0' (3, ~in)o—(Ve')- (Vo) -mp'o—2(g'e) =
=0,0'0"0—(m? —u?)o'p—1(9'0) +in(0'2,0—0,0'¢)

negative mass term breaks C

p* —(m* —pu”)+2uQp, =0 (Q==+1)
Mass spectrum: U

(E+uQ)" =m*+|p[

For n <m My =+ +M

20



At u=m, second order phase transition.
Formation of a condensate obtained from:

V=(m?—p?)elo+2(g'e)

(p)=E """ (u>m)

2\
Ch oV
Charse] -2 zu(oo) (s -

Ground state = Bose-Einstein condensate ‘ 21




, _p-m’ 1

(0)=p50 V=EoT o=

1 1
L, =0,00"0+.0,hd"h — Av*h® — 2uhd,0

v +h(x))e"

p?—2Av?  2iuE

| -0
~ —2IuE p° |

Mass spectrum det

At zero momentum  M? (I\/I2 — 20V — 4H2) -0

M A

massive mode
2m

M? =0
M? =6p° —2m°

Goldstone mode 22
'

m u

normal

phase broken phase




At small momentum
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Back to CFL. From the m.. = $“ +m
structure

ot 2“ F2 u . 3A2
m:-m? |2c 2’
I’nKi =F SZH u 4 E(mu -I—ms)md, 2(21 $1002)
F2 — “ o Og
2 2 2
m, =5 _Ma, E(m +m.)m or
KO,RO 2“ F2 d S u

First term from “chemical potential” like MM’
kinetic term, the second from mass insertions
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For large values of m..

and the masses of K* and K"are pushed down.
For the critical value

1/3
12u?
m,| . = 2“2 g/mudA2 z3.03§/mudA2, .
o n°F | | masses vahish

m,| . ~40-110 MeV 25




For larger values of m_ these modes become
unstable. Signal of condensation. Look for a
kaon condensate of the type:

> =e“" =1+ (cosa—1)A; +iL,sina

(In the CFL vacuum, > = 1) and substitute
inside the effective lagrangian

2
V(a) =F° [— ; [ M, jsin2 o+ chr:nzsm (1-cos oc))

20

\, ,\
\} positive contribution from

negative contribution from / .
mass insertion

the “chemical potential” U 2%



Defining

M =

V(a) = F (—%ugﬁ sin® o+ (my )*(1— cos oc)j

with solution [cosa = 2 U > M)
eff
and hypercharge  ~ ov e (mS)’
o = — — “e _
densn'y ! OMegy ' Met 27



Mass terms break original SU(3)_,, . to
SU(2)xU(1)y. Kaon condensation breaks this to
U(1)

1 1
Q —_(7"3 _Exsj’ [Q.2]=0

2
+ 0 + 0 L0 —
2 SU(2).0U0)y (0, ™ )@SK K J)@(K ,K7)®(n)
Y

M 4 breaking through the doublet
om 2massive mode as in the SM

2

o Only 2 NGB's from K°, K*

m phase broken phase

instead of expected 3 (see
2 2 Goldstone modes Chada & Nielsen 1976) 28

L

m u




Chada and Nielsen theorem: The number of
NGB's depends on their dispersion relation

L. IfEis linear in k, one NGB for any
broken symmetry

II. If E is quadratic in k, one NGB for
any two broken generators

In relativistic case always of type I, in the
non-relativistic case both possibilities arise,
for instance in the ferromagnet there is one
NGB of type II, whereas for the
antiferromagnet there are two NGB's of type I

29



DispersivhnrelalicnsHioriie

‘The bare Meissner mass ‘

h The heavy field contribution comes

from the term
/D,00\

B s _ _Puv T _
W, 2u+iV°DWh+ Wi, u+iV-DWh+
P* =g" —%[V“Y/V + V'V

30




Notice that the first quantized hamiltonian
is:

N

=[p—gA|+eA, ~|p|+gA, —gV- A+ |#|(|A| - (v-A)?)
2|p Y B
Since the zero momentum
propagator is the density one gets
i} -
g°x2xN xj dp 1 Tr AZ—(pAA;)
spin pl<u (27[) 2 | P | 3 | P | ~

gu a fa_ 1 2 R g
N, - ZZA A —EmBMZA A mi, =N,




Gluons self-energy ‘

g g

Vertices from  I0A J}
Consider first 2SC for the unbroken gluons:

2 .2
Hgg(p) — 8ab 18gTCtLA2 | I_j |21

2
) =115 )+ 15 0) =~ "™

QZHZ p2 QZMZ QZHZ
=0a8" 3 (H % j ~8ud" S 7 = 8" g 2n7 P

2 2
Hgtl:(p) = 8ab 1897:2LA2 popk 32




® Bare Meissner mass cancels out the
constant contribution from the s.e.

® All the components of the vacuum
polarization have the same wave function
renormalization

L=~ T FF 4 STISAAY =3(E?E? - B?B?)+5E?E?
4 K 2 K 2 2
k B g2,.12
18n°A°

Dielectric constant ¢ = k+1, and magnetic

ermeability A =1

P Y = . 1 _A )
Jer  gu




Broken gluons

a I100(0) - TT4(0)
1-3 0 0
4-7 3my4/2 m,%/2

8 3m,? my%/3

2 2




But physical masses depend on the wave
function renormalization

2. 2

gu

AZ
Rest mass defined as the energy at zero
momentum:

N/

mR:JZL a=4,56,7

mR:Q&, a=28

TC

The expansion in p/A cannot be trusted, but

numerically
m. ~0.9A, a=4,5,6,7
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In the CFL case one finds:

2_92H2 _g| _ A2[2
mD_36n2(21 8log2)=9g°F

2. 2 2
2\ 36 27 2 3

from bare Meissner mass

Recall that from the effective lagrangian
we got:

ms =o.g°Fr, My, =av'gR
implying o, =0, =1 and fixing all the
parameters.
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mg g°u’ ( 16 j
md: M, = , = 7+—Ilog?2
We find:  Mx S, 1 216ma? 3 :
U
m, =1.70A

Numerically ‘mR z1.36A‘
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D)FFF2e2 007 elteled ()eis 525

We have seen that for one massless flavors
and a massive one (m.), the condensate may be
disrupted for

m2

2A
The radii of the Fermi spher'es are:

m2

2u

As if the two quarks had different chemical
po1'en1'ial (m52/2u) 38

Pe, = U



Simulate the problem with two massless
quarks with different chemical potentials:

M, =H+0U, Hy=H—ON

:“u_l_ud S :Hu_!‘ld
T e

Can be described by an interaction hamiltonian

H, = _SH\VTG?,\V

Lot of attention in normal SC. 39



H, changes the inverse propagator

g1_ V-/+38uo, ] —A
’ ~A V-l+ouo,

and the gap equation (for spin up and down
fermions):
. e dv A
iof et [ z
At 1 (271:) (0, — ) —Z —A

This has two solutions:

a): A=A, b): A>=28puA,—A;
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==,

0. 4 06 038

first order transition

1.0 1.2

Normal state

‘avored solution
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Also:

2, _QO(SH) = _%

(—ZSHZ + A(Z))

First order transition to the normal state at

T BCS
. [T
LI
Ay °
0.51 Normal
0.4]
\asecund
i T order
31 ricr.
BCS :
U2 ___+ first order
0]
0| t}”'\ | dp
J"q'L”

0 01 02 03 04 05 06 EJ?

For constant A,
Ginzburg-Landau

expanding up to A°
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