What do we know about the ground state of
the color superconducting phase of QCD?

® At asymptotic densities and T =0, the ground _
state of QCD is the CFL phase (highly
symmetric diquark condensate)

® Understanding the interior of CSO'’s

® Study of the QCD phase diagram at T~ 0

and moderate density (phenomenological.
handle?)
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Real question: does this type of
phase persist at relevant densities

(~5-6 Pp)? |
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Pairing fermions with
different Fermi momenta

® M. not zero

e Neutrality with respect to em and color< neutral —> singlet,

no free energy cost in
(Amore et al. 2003)

e Weak equilibrium

All these effects make Fermi momenta
of different fermions unequal causing

problems to the BCS pairing
mechanism




® \Weak equilibrium makes chemical potentials of quarks of
different charges unequal:

d = uev = ug — pu = e
® From this: M, — W —|— QZMQ and

® N.B. u.is not a free parameter: neutrality requires:

oV

— = 0
Q O e



Neutrality and p equilibrium

Non interacting quarks 2 1

Hu = [ — e, Md—ﬂs—ﬂ‘|‘§ﬂe

o, d H ,d
Nyda = /O pZdp = ",
Pds = Hu T He
2 _ ,.233/2 3
N. — (PLS ms) N, — He
5 2 ’ ¢ 3x2
Electric neutrality requires
2 1 1
—Ny——N;— —Ng—N=20
3 U 3 d 3 S (&

If the strange quark is massless this equation has solution
N,=Ngyg=N,, N, =0; quark matter electrically neutral with no electrons
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By taking into account M,
~ad U U S NMQ A
He ~Pp — Pp ~Pp — Pp ~ s/ %

ph — P~ 2pe down

strange

® Fermi surfaces for neutral and
color singlet unpaired quark
matter at the B equilibrium and Mg
not zero.

® In the normal phase p; = pug = 0.



As long as du is small no effects on BCS pairing, but
when increased the BCS pairing is lost and two
possibilities arise:

e The system goes back to the normal phase

e Other phases can be formed

® Notice that there are also color neutrality conditions




The point |du| =A Is special. In the presence of a
mismatch new features are present. The spectrum
of quasiparticles is

E(p) = |op £ \/(p _ H)Q 1 AQ] Zgyiﬂ;ﬁ, the gaps are A - 5
E

For |du| = A, an unpairing

\ blocking regio o =0 (blocking) region opens up and

gapless modes are present

(relevant in astrophysical
777777777 5ul > A applications)

v p
gaplessmodes FE(p)=0 & p=pu+ \/5#2 — AZ
26M Energy cost for pairing begins to unpair

) (201 > 2/\|

]

2A Energy gained in pairing



The case of 3 flavors ﬁ gCFL

(Alford, Kouvaris & Rajagopal, 2005)

‘<O|¢3L¢5L|O> = A1e®Ple 1+ Doe e+ D3¢ e 3

Different phases are characterized by different values for
the gaps. For instance (but many other possibilities exist)

CFL : A=A, =A,=A
g2SC: A, =0,A =A,=0
gCFL: A, >A, > A
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Strange quark mass effects:

e Shift of the chemical potential for the strange

quarks: M52
Has = Has
21
@ Color and electric neutrality in CFL requires
Mg
Hg = =7 - p3 = pe =0
7

® The transition CFL to gCFL starts with the
unpairing of the pair ds with (close to the

transition) 5
MS

) —
Hds 20
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It follows:

~

M?
S Energy cost for pairing begins to unpair M2
S

H -
QA Energy gained in pairing ,LL

> 2A

Calculations within a NJL model (modelled on one-
gluon exchange):

® \Write the free energy: V(,u, M3, U8, Ue, Az)

e Solve:
ov._ov. _ oV _
Ope  Ouz  Odug

Gap eguations v =0 ﬁ
p eq YN
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~.1 (Alford, Kouvaris & Rajagopal, 2005)

(A, = 25 MeV, p = 500 MeV)
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m3(0)
e gCFL has gapless
guasiparticles, and there
are gluon imaginary
Masses (RC et al. 2004,
Fukushima 2005).
M)
W0 Y
0.75 |
e Instability present 0.5
also in g2SC (Huang & O.ZS

Shovkovy 2004; Alford & Wang 025 |

2005)
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How to solve the chromomagnetic
instability

e Gluon condensation. Assuming artificially <A ;> or
<A, g> not zero (of order 10 MeV) this can be done (rcet
al. 2004) . In g2SC the chromomagnetic instability can be
cured by a chromo-magnetic condensate (Gorbar,
Hashimoto, Miransky, 2005 & 2006; Kiriyama, Rischke, Shovkovy, 2006).
Rotational symmetry is broken and this makes a
connection with the inhomogeneous LOFF phase (see
later). At the moment no extension to the three flavor

case.
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e CFL-K% phase. When the stress is not too large (high
density) the CFL pattern might be modified by a flavor
rotation of the condensate equivalent to a condensate
of KO mesons (Bedaque, Schafer 2002). This occurs for

m, > m¥3 A?3, Also in this phase gapless modes are
present and the gluonic instability arises (Kryjevski,
Schafer 2005, Kryjevski, Yamada 2005). With a space
dependent condensate a current can be generated
which resolves the instability. Again some relations
with the LOFF phase. No extension to the three flavor

case.
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e Single flavor pairing. If the stress is too big single
flavor pairing could occur but the gap is generally too
small. It could be important at low p before the
nuclear phase (see for instance Alford 2006)

® Secondary pairing. The gapless modes could pair
forming a secondary gap, but the gap is far too small
(Huang, Shovkovy, 2003; Hong 2005; Alford, Wang, 2005)

® Mixed phases of nuclear and quark matter (Alford,
Rajagopal, Reddy, Wilczek, 2001) as well as mixed phases
between different CS phases, have been found either
unstable or energetically disfavored (Neumann, Buballa,
Oertel, 2002; Alford, Kouvaris, Rajagopal, 2004).

16



e Chromomagnetic instability of g2SC makes the
crystalline phase (LOFF) with two flavors
energetically favored (Giannakis & Ren 2004), also there are

no chromomagnetic instability although it has
gapless modes (Giannakis & Ren 2005), however see talk

by Hashimoto.

This makes the LOFF phase very interesting
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LOFF phase |

® LOFF (Larkin, Ovchinnikov, Fulde & Ferrel, 1964):
ferromagnetic alloy with paramagnetic
Impurities.

@ The impurities produce a constant exchange
field acting upon the electron spin giving rise to
an effective difference in the chemical
potentials of the electrons producing a
mismatch of the Fermi momenta

e Studied also in the QCD context (alford, Bowers &
Rajagopal, 2000)
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According to LOFF, close to first order point (CC point),
possible condensation with non zero total momentum

p1 = E‘|‘ q, pp = —Ig +q — <¢(ZE)"¢($)> — AeQz’cj’-:E

More generally _><¢(w)¢(a:)> — Z Amezq;q‘m.:f

'nngs

p1 + P2 = 27]

‘q_’| fixed variationally

CT/|CT‘ spo?\?;)nsee(?usly
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Single plane wave:

E(k)—p = E(£k+§)—uT

Fou ~ (k] — )2 + A2

p=op—Up-q
Also in this case, for [ = 0 —UF g > A

an unpairing (blocking) reg
modes are present

lon opens up and gapless

More general possibilities include a crystalline
structure (Larkin & Ovchinnikov 1964, Bowers & Rajagopal 2002)

W (x)p(z)) =

The g;'s define the cryst

A Z 62@--5
7
al pointing at its vertices.
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]
e CBAED/T |

I’lu,d —

ForT- 0 blocking region ¢ <|u |

_8 O e N O e —
B 18 oD -a+ ) |

The blocking region reduces the gap:

ALOFF << ABCS
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The LOFF phase has been studied via a

Ginzburg-Landau expansion of the grand
potential

Q:o(A2+EA4—I-1A6+°“

2 3
(for regular crystalline structures all the A, are
equal)

The coefficients can be determined

microscopically for the different structures
(Bowers and Rajagopal (2002) )

—
—
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General strategy

.. O

i Propagator expansion

i Gap equation

o -—000 - 00000 -

3 Insert in the gap equation

JCRE. N



We get the equation

AA+BA +YA +---=0
0Q2

Which is the same as — () with

OA
oL\ = Q The first coefficient has
e -

universal structure,

independent on the crystal.

3
BA = Q From its analysis one draws

the following results =)

YA = 4! y



LOFF and BCS

Q. —Q = —%(AZBCS —25u2)

normal ~—

Q) opr — €2 =—0.44p(on —ou, )2

normal ~

Al orr ® 1-15\/(6M2 — o)

Small window. Opens up
in QCD? (Leibovich,
Rajagopal & Shuster

2001; Giannakis, Liu &
Oy = Apcs /ﬁ‘ ‘8“2 ~ 0'754ABCS Ren 2002) 25




T BCS
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antipodal pair 1,138 1.495 i ,
" triangle 3 133,,(3) -1.976 1.687 -0.452 0.672
tetrahedran 4 Ta(13) -5.727 4.350 -1.655 1.074
sguare 4 Dynl4) -10.350 -1.538 - -
pentagon 5 Dg(5) -13.004 8.386 -5.211 1.607
trigonal bipyramid | 5 | Dsa{131) | -11.613 13.013 -1.348 1.085
square pyramid 5 Clan(14) -22.014 -70.442 - -
actahedran 6 | On(141) -31.466 19.711 -13.365 3.625
triganal prism 6 | Dan(33) -35.018 -35.202 - -
hexagon 7 Din(6) 23660 | 6000.225 0 0.754 Bowers and
pentagonal 7| D151 -29.158 54,822 -1.375 1.143 .
pipyramid (151) Rajagopal (2002)
capped trigonal 7 | Ce.(133) | -65.112 -195.592 - -
square antiprism 8 y(44) -57.363 -6.866 - -
hexaganal 8 | Dan(161) -B.074 | 5505528 | —2.8x 10°% | 0.755
bipyramid
augmented 9 | Dsu(333) | -60.857 120 250 -3.401 1.656
trigonal prism
capped g Can(144) -05 529 7771152 -0.0024 0.773
square prism
capped O Oyl 144) -68 025 106.362 -4.637 1.867 Pr‘efer‘r‘ed
square antiprism o
bicapped 10 | Dyg{14d1) | -14.298 7318885 | —0.1 % 107% | 0.755 S'l'f'UC'rUf'e .
square antiprism
icosahedron 12 | 1.(1551) | 204.873 | 145076.754 0 0.754 face -centered
cuboctahedran 12 | Ox(4dd) -5.206 | OT086.514 | —2.6 % 10°° | 0.754
dodecahedron 20 | I.(5555) | -527.357 | 114166566 |  -0.0019 0.772 cube

27



.25

0

.25

.5

0

-

.5

0

.15

A(X) =+4A
A(X)=—4A



In the LOFF phase translations and rotations
are broken

i

phonons
Phonon field through the phase of the

condensate (R.C., Gatto, Mannarelli & Nardulli 2002):

(WO (X)) = AT = A (D(x)) = 2K
. . 1 .
introducing - O(x)=D(x)-2G-X =



L gd)z_vz[azha_%j , 0%

—V
phonon o 1 5X2 ay2 | 822_

Coupling phonons to fermions (quasi-particles)
trough the gap term

Ax)y' Cy = AePy'Cy

It is possible to evaluate the parameters

Of Lphonon (R.C., Gatto, Mannarelli & Nardulli 2002)




Cubic structure

A(X) AZ ezlqk X _ — A Zemq\g X A Zelg DD (x)

11238 11238

(_1:_1:1) (1,-1,1)

(@P(x))=2|q|x,

(1,1,1)

1

9" (0) = 0 (x)-2dx N
(-1,-1,-1) \y

(_111:_1) (1,1,-1)




®0)(x) transforms under the group O, of the
cube. Its e.v. ~ xi breaks O(3)x0O, ~ O, diag

1 oo 1
Lphonon — 4 [ (I) j A Z |V(I)() |
1=1,2,3

1 1,2,3

2
(c’%(l)(i))z—c > (6:670,09)

i=1,2,3 i<j=1,2,3

Coupling phonons to fermions (quasi-particles)
trough the gap term

ARV'Cy > A e DyTCy

1=1,2,3;e, ==+



we get for the coefficients

[ 2 )
a:L b=0 C=i 3(6—Hj —1

 Jal)

One can evaluate the effective lagrangian for
the gluons in tha anisotropic medium. For the
cube one finds

Isotropic propagation

This because the second order invariant for
the cube and for the rotation group are the
samel!-- 33



Preliminary results about LOFF
with three flavors

Recent study of LOFF with 3 flavors within the following
simplifying hypothesis (Rc, Gatto, Ippolito, Nardulli & Ruggieri, 2005)

e Study within the Landau-Ginzburg approximation.
® Only electrical neutrality imposed (chemical potentials Ly and pg
taken equal to zero).

® M, treated as in gCFL. Pairing similar to gCFL with inhomogeneity
In terms of simple plane waves, as for the simplest LOFF phase.

3 o =
<¢3L¢I?L> =) A(@)ePlegyr, A[(@) = A2l
[=1
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e A further simplifications is to assume only the following
geometrical configurations for the vectors q,, 1=1,2,3 (a more
general angular dependence will be considered in future work)

31| 3| R

® The free energy, in the GL expansion, has the form

3
Q=82 0rmal = Z AQ + BI ‘I‘ Z @A%A§ + O(A6)
=i\2 a2 =y 4

1
_ 4, 4, 4 2 4
$hormal = _ET" (g + g + 15) — T e

® with coefficients a; ; and B,; calculable from an effective NJL
four-fermi interaction simulating one-gluon exchange
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2 1 1
3

M2
Ag=ABos, Hu = p—7le, Hd = M+§Ne, ps = pt3 /JJG__,U

42 ) + 5 1 4(q2 — 5u2)
ar(qr,dpr) = _WLQ (1 — 2’; log ZII 5ZII - EIog IAQ ali
B 0
2
v 1
B1(ar, dur) = —5— -
TEqr — OpT

1

B12 = —3M /
4m (2q1 0+ ps — pg) (292 -0+ ps — po)

Others by the exchange:
12 — 23, pus < pg
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We require:

since o, depends only on g, and dy;
we get the same result as in the
= 0= =0 simplest LOFF case:

g7 | = 1.20p

In the GL approximation we expect to be pretty close to the
normal phase, therefore we will assume p; = pg= 0. At the same
order we expect A, = A; (equal mismatch) and A, =0 (ds
mismatch is twice the ud and us).

37



Once assumed A ; = 0, only two configurations for q, and q,, parallel
or antiparallel. The antiparallel is disfavored due to the lack of
configurations space for the up fermions.
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0
E \—_//7
O
C}E [ (we have assumed the
. same parameters as in
s Alford et al. in gCFL,
GS’ 15 | Ay =25 MeV, 1 = 500 MeV)
20 40 60 80 100 120 140
2
M,/ [MeV] A/A,
1
A, : ds—pairing 08 |
A ) . 06 |
, . us —pairing N
A, :ud — pairing os | ///”#f#*_qhaxx\\
|A1 — O’ AQ — A3| 20 40 60 80 100 120 140

M2 /L [MeV]
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N
o

Comparison with
other phases

o

—
o

)]
o

® | OFF phase takes over gCFL
at about 128 MeV and goes
over to the normal phase at
about 150 MeV

W
o

A
o

Energy Difference [10°MeV 4]

50 2 75700 125 150
M2/ [MeV]

o
-
N
3

=

(RC, Gatto, Ippolito, Nardulli,
Ruggieri, 2005)

Jy
=

Energy Difference [10° MeV?]

20
N L7 .
S0l & 1l Confirmed by an exact solution
Wl 2/ 11 of the gap equation (Mannarelli,
oy 25 10 || Rajagopal, Sharma, 2006)
B R T T SR T

2
M/ [MeV]
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CFl

Mxx/m-

No chromo-magnetic
Instability in the LOFF phase

with three flavors (Ciminale,
Gatto, Nardulli, Ruggieri, 2006)

0.04
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0.02

(.01

14
1.2

08
0.6
0.4
0.2

130 135 140 145 150
M /p (MeV)

| Longitudinal masses

M1 = M, = Mg = Ms

]V[@ ::ZJV{7'
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Extension to a crystalline structure (Rajagopal, Sharma 2006),
always within the simplifying assumption A; =0 and A, = A,

(ud) = Az > exp(2igs-7), (us)~ Dp) exp(2igsr)
a a

The sum over the index a goes up to 8 g;2. Assuming also A, = A,
the favored structures (always in the GL approximation up to A®)

among 11 structures analyzed are

CubeX
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Gap parameter [MeV]

30
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MZ/m[MeV]

|
250

Energy Difference [16 MeV*]
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Q

|
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Conclusions |

® Various phases are competing, many of them having gapless
modes. However, when such modes are present a chromomagnetic

Instability arises.

® Also the LOFF phase is gapless but the gluon instability does not
seem to appear.

® Recent studies of the LOFF phase with three flavors seem to
suggest that this should be the favored phase after CFL, although
this study is very much simplified and more careful investigations

should be performed.

® The problem of the QCD phases at moderate densities and low
temperature is still open.
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